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1 Introduction 

One approach to probing M-theory at short distances is to consider the effective 
action beyond its lowest order approximation given by the second order (in 
# (derivatives) + |#(fermions)) action 

-2k 2 S = Jd n x^(R+^H m ^H mnpq ) + lJCAHAH 



X 



+ terms with fermions , 

and investigate the higher- derivative corrections generated by the microscopic 
theory. Such corrections at order R 2 and R 4 have been extensively discussed 
in the literature, primarily in the context of string theory and ten-dimensional 
effective actions, but also in the eleven-dimensional context relevant to M- 
theory. The existence of these terms can be inferred by a variety of means 
in string theory, while in M-theory one must rely on anomaly cancellation 
arguments 0, [§, or (superparticle) loop calculations || ||, 0, [8|, |J together 
with the connection to string theory and its effective action via dimensional 
reduction. 

The methods used so far to deduce the existence of e.g. R A terms in eleven 
dimensions produce only isolated terms out of a large number of terms making 



up the complete super invariant that it belongs to. It is of interest to have a 
better understanding of these superinvariants, and there has consequently been 
a lot of work invested into the supersymmetrisation of the isolated terms. In 
particular, R 2 and f? 4 terms in ten dimensions were considered already some 
time ago, see ref. [1(J and references therein. More recently also the R 4 term 



in eleven dimensions has been investigated Jl 1] including a detailed study of 
superinvariants. 

For these purposes it would be interesting to develop methods |12| based 
on superspace in eleven dimensions [|l]| that would incorporate supersymme- 
try in a manifest way. Although not yet developed into an easily applicable 
formalism, N=l supergravity in ten dimensions has been constructed off-shell 
in terms of a linearised superspace lagrangian jnj], including some superin- 



variants |L5], |16|| , and should in principle lend itself to a complete analysis of 
superinvariants and deduction of the corresponding higher-derivative terms in 
ordinary component language. The situation in eleven-dimensional M-theory 
is, however, completely different due to the fact that an off-shell lagrangian 
formulation with a finite number of auxiliary fields is not known and may 
not even exist. From a general counting argument by Siegel and Rocek |17| 
we know that this is true for N=4 super- Yang-Mills in four dimensions (and 
consequently also in ten dimensions) but that maximally supersymmetric su- 
pergravity passes the test. The analysis carried out here, when completed, will 
provide an answer to the question whether there exists an off-shell lagrangian 
formulation in eleven dimensions or not. In this respect the approach advo- 
cated here is parallel to the discussion of ten-dimensional super- Yang-Mills 



theory carried out in refs. |L8[ and [fOJ, which does in fact prove that an 
off-shell lagrangian based on these superspace fields does not exist. 

To implement the symmetries of any M-theory effective action in a manifest 
way, we will here follow ref. [|12j and define the theory in superspace by means 
of the superspace Bianchi identities (SSBIs), which are integrability conditions 
when the theory is formulated in terms of superspace field strengths. From 
these we will derive consistency conditions on the form of the field equations. 
The analysis of the SSBIs will depend on the structure of certain components 
of the supertorsion, and one particular goal is to find connections between 
the various possible superinvariants and consistent expressions for the compo- 
nents of the supertorsion. The structure of these components, as e.g. which 
components can be set to zero under which conditions, will be clarified by our 
analysis. This is an important result since the torsion components are a vital 
input when proving K-invariance for M2 and M5 branes coupled to background 
supergravity GO, BTL B^] and M-theory corrected versions of it. In fact, one 



should compare to the situation in IIA and IIB string theory and the cou- 
pling to D-branes 



24, 25, 26 



Here it has been established that there are 
higher-derivative background field corrections also on the world-sheets of the 
branes, see e.g. ref. |27fl and references therein. The presence of such terms 



complicates the issue of K-invariance and it becomes crucial to know the exact 
form of the supertorsion and to understand its relation to the corrections both 
in target space and on the brane. 

Another aspect of the higher- derivative corrections is that it is to a large 
extent unclear how supersymmetry organises the infinite set of such terms 
into infinite subsets unrelated by supersymmetry. From previous work both 
in ten and eleven dimensions we know that adding one bosonic R 2 or R A term 
generates an infinite set of other terms of progressively higher order in number 
of derivatives. This is clear in any on-shell theory, as discussed in detail in the 
type IIB and heterotic cases in e.g. ref. B0L 

In this talk we will make use of the fact that any conceivable M-theory 
correction to the field equations must be compatible with supersymmetry and 



121 which when 



local Lorentz invariance. This is built into the SSBIs 
solved (the meaning of which is explained below) produce constraints on the 
supertorsion and other superfields that must be fulfilled by the corrections. As 
a first step we prove in this talk that the relaxed on-shell torsion constraints, 
argued for in ref. [O], are correct and do not lead to the field equations that 



follow from ([[]). This will done without specifying the auxiliary fields in terms 
of physical fields, making it possible to use the Weyl superspace introduced by 
Howe [32] to simplify the analysis of the standard on-shell theory. Once the 
auxiliary fields are related to physical fields, the role of Weyl superspace must 
be reconsidered, since the identification will involve a dimensionful parameter 



; ft 



/3 



for the R 4 term). This will be done elsewhere. 



Relaxed torsion constraints and off-shell solution of 
Bianchi identities 



One of the most important results proved in ref. [32| is that inserting the 
single constraint 

T a p = 2T c a/3 , (2) 

used in the superspace construction of eleven-dimensional supergravity fll3f| , 
into the SSBIs leads to the field equations corresponding to the lowest or- 
der lagrangian (JJ). This constraint must therefore be relaxed in such a way 
that the equations that then follow from the SSBIs are able to accommodate 



any higher-derivative correction terms to the field equations. In order to ex- 
plain how this is done we need some details of the Weyl superspace formalism. 
This superspace is coordinatised by z M = (x m ,6^) where m enumerates the 
11 bosonic and \x the 32 real fermionic coordinates respectively. The tangent 
superspace has as structure group the Lorentz group (not a superversion of 
it) times Weyl rescalings, and hence one introduces a supervielbein E M A (z) 
and a superconnection VL MA B (z) = ujma B { z ) + K MA B (z), where u>ma B = 
{u M a b , \iV a b)oP^Ma) is the Lorentz part and K MA B = (2K M S a b , KmSJ 3 ) the 
Weyl part, and the flat superindex A = (a, a) contains an SO(1,10) vector 
index a and a (Majorana) spinor index a. The corresponding super-two-form 
field strengths are (suppressing the wedge product symbol in the product of 
superforms) 

T A = DE A = dE A + E B Q B A , R A B = dQ A B + Q A C Q C B , (3) 

and they satisfy the SSBI 

dt a = e b Rb A ^ DRj b = o ^ ( 4 ) 

of which only the first one will be used in this talk. Note that no separate 
superfield corresponding to the four-form field strength is introduced since 
both its Bianchi identity and field equation will emerge from the analysis of 
the torsion SSBI. 



In order to obtain the form of the relaxed constraint given in ref. |12| we 
expand T a p c in terms of irreducible tensors by means of the basis for symmetric 
r-matrices I^ 1 ), T^ 2 \ where r^ ra ^ indicate a product of n antisymmetrised 
T-matrices with weight one, i.e., 

rp c_n/p d y c i lr did,2 y c , 1 p di...d 5 y- c\ (r\ 
J-a/3 —Ay-aP A d + 2 al 3 A <M2 + 5! 1 a/3 -^d l ...d 5 ) , 

with the understanding that the X's can be further decomposed into irre- 
ducible tensors. In order to understand which parts of the tensors in eq. (|5|) 
that are relevant, one needs to eliminate redundant superfields in a system- 
atic manner by imposing so called "conventional constraints" . The space does 
not allowed a detailed discussion — we refer instead to ref. JJl]]. An analy- 
sis of all the possible conventional constraints [12|] will leave only X's in the 



representations 429 and 4290 in (||) as we will now discuss. 

Turning back to the components of the supertorsion at dimension given 
in eq. (|), we note that X d c decomposes into representations of dimension 65, 
with Dynkin label (20000), 55 with Dynkin label (01000), and 1 with Dynkin 
label (00000). Similarly, X dld2 c goes into 11 (10000), 165 (00100) and 429 



(11000), and X dl ,„ d5 c into 330 (00010), 462 (00002) and 4290 (10002). All 
antisymmetric tensors are set to zero. At this point we are left with the two 
fields which transform as 429 and 4290 under SO(1,10). The way these appear 
in the supertorsion, i.e., in T a/ 3 C , suggests a close connection to the M2 and 
M5 brane, respectively, for the 429 and 4290. Although it seems easier to 
deal with 429 we will in fact drop it and concentrate on the 4290 because of 
its probable relation to the anomaly canceling term related to the M5 brane. 
(The field of interest with dimension 0, a' 3 W 3 + . . . (W is the Weyl tensor), 
does not contain the representation 429.) This will have to appear in the SSBI 
for the four-form superfield strength which hence will read d*H = ^H 2 + X^, 
where Xtg\ is the eight-form polynomial in the curvature that was introduced 
in this context in ref. [Bl ffl. In this talk, however, we will not take the analysis 



this far but instead show that the relaxed torsion constraint [12 



T c_ 9 / r c , l-n di...d s v(4290) c\ / R \ 

is general enough to lift the field equations coming from (p]). 

More details are found in |T[ and a more complete discussion will be pre- 
sented elsewhere [34]. The method for solving the SSBI, DT A = E b Rb A , is 



to extract its component equations and solve these by increasing dimension. 
The equation of lowest dimension, |, is the one multiplying the three- form 
E a E p E^ and with A = a, 

= R(a(3~r) d = D( a Ti3 y ) d + T(ap E T\E\*f) d , (7) 

where (...) indicates symmetrisation of the indices (except for the ones be- 
tween bars | ... |). This equation can be decomposed into a large number of 
equations, each one corresponding to an irreducible tensor appearing in the 
decomposition of the symmetric product of three spinors times a vector, which 
is the tensor structure of the SSBI (^). When the expansions of the torsion 
components are inserted into these irreducible tensor equations, all irreducible 
tensor parts of the torsion will drop out except the ones that coincide with the 
representation specifying the equation. 

We should also mention that we restrict ourselves to a linearised analysis. 
A more non-linear treatment is feasible, at least in the original fields, but 
here the ordinary supergravity fields and the auxiliary ones are treated on 
equal footing. In this talk we also neglect vector derivatives on the auxiliary 
superfield X 4290 . 

Since the equation (|7|) involves the fields at level in X^ i290 \ we need 
to expand D a X ai a5 b as well as the dimension 1/2 torsion components into 



irreducible tensors. In fact, as a consequence of using Weyl superspace, with 
the extra conventional constraints associated with the Weyl connection, we 
find that the torsions involved in this SSBI are uniquely determined by the 
components of D a X ai ^ M5 b . Thus if we set A^ 4290 ) to zero these torsions will 
vanish without invoking any extra assumptions, a result that also follows from 



the work of Howe in ref. [32]. In this talk, we spare the reader from the exact 
expression for the torsion components in terms of X^ 290 \ The calculation 
involves a certain degree of technical complexity, which is left for ref. |34 . 



We now turn to the SSBIs with dimension 1. There are two such equations, 
namely 

D d on rp d I 7~) rp d I rp Erp d I ryrp Erp d 

tta/3c — ^ u (aJ-l3)c + u c 1 a(3 + 1 a/3 1 Ec +^J-c(a 1 \E\/3) j (o\ 

D <5 n rp S I rp Erp 5 \"/ 

M(af3-y) — u {a 1 fii) + 1 (a/3 1 \E\j) ■ 

To deal with these equations, we must expand the superfield A^ 4290 ) at the 
6 2 level, and take into account the results already obtained at 9 level. As 
mentioned above, we aim at showing that the introduction of the auxiliary 
fields generates a right-hand side of the spinor part of the equation of motion 
for the gravitino field. At present, we therefore only need to consider the 
irreducible tensors at dimension 1 whose spinorial derivative contains a spinor. 
These are all forms, with rank from zero to five. We state the two- and three- 
forms, which are the ones that will eventually survive: 

?V = |(r dld2d3 )^ 1(i2d3 a + ^(r a di -^)^ i ... d4 

+\{T d ^)fA dld2a + l(T a d ^)^A' did2da (9) 
+ ... 

Since now the curvatures entering eq. @ are non-zero taking values in the 
structure group, they must be eliminated. From the R a /3 C d we get the infor- 
mation that the symmetric traceless part in cd has to vanish, and the rest are 
used to eliminate Ra^ 6 by the structure group condition. In contrast to the 
equations at dimension |, where the full representation content of the index 
structure of the SSBI made impact on the fields (to the extent that the rep- 
resentations were present at level 6 in A^ 4290 )), some equations now turn out 
to be linearly dependent. A naive counting of fields and equations fails, and, 
as we will see, this is absolutely essential in order for the auxiliary superfield 
to contain components entering the equations of motion. This exceptional be- 
haviour relies on the exact form of the solutions at dimension |, and comes 
at work for the three-forms, where three equations reduce to two, and for the 
four-forms, where all three equations are identical. The zero-, one-, two- and 



five-forms at second level in X are set to zero (modulo terms ~ D^X ai a5 b in 
the five-forms), and the relevant surviving part is parametrised as 

^ 5 D[ Q ,D / 9]X 01 .„ 05) 6 

_ p e\r _i_ "p e\r 6„ "p e\ei\r 

1 [aia 2 a 3 v a4,a 5 ]be i 1 b[aia 2 v a 3 a,4a 5 ]e 7 'lb[ai 1 a 2 a 3 t/ a4a 5 ]eie2 

IT eie 2 e 3 Ty 1 p. eie 2 e 3 Ty _ 6 p ei...e 4 W 

T 1 ai...a 5 beie 2 e 3 J- b[ai...a 4 ^^a 5 ]eie 2 e 3 7 '/6[ai J- a 2 ...a 5 J "ei...e4 

_|_p e l e 2W", -I- T\r e l e 2W , _ 6„ p eie^Ti/ 

t J- ai...a5 " ' oexe2 ~ *- b[ai...a4 vy as]eie 2 7 '/t^ai- 1 - a 2 ...as] " eie 2 e 3 

+ "' (10) 
with the relations 

A + 2A' + ^3 (547y + 2 5 -3 3 - 17 W) =0 (11) 

for the four-forms, and 



4 = -3TT23 (89 ^ + 2 2 • 3 • 5 • 139 W) 
A' = 3^23 (2 -47 V- 3- 5 -41W) 



(12) 



for the three-forms. The linear dependence already mentioned makes us con- 
fident in these expressions. In the unmodified supergravity (V = W = 0), 
one four-form in the dimension 1 torsion survives, and is identified with the 
four-form field strength H. In the present situation, it is a priori not obvious 
which combination of the three surviving four-forms that should be identified 
with this physical field (the criterion being that it is closed), and the answer 
to this question will have to await the solution of the SSBIs at dimension 2. 

One further result at dimension 1 is that the Weyl part of the curvature, 
G af 3 = -r^Ra^ 1 , vanishes, as was shown in ref. |52| for the unmodified super- 



gravity. This is a very positive sign, since it indicates that the theory even with 
the relaxed torsion constraints we have used to take it off-shell is equivalent 
to one with only the Lorentz group as structure group as discussed by Howe 



32]. We will comment on this further in the concluding section. 
Finally, we consider the SSBIs at dimension |, which read 

2Ra[bc] d = D a Tbc d + 2D[bT c ] a d + 2T a [b E T\E\ c ] d + Tbc E TEa d , 
*-K>a(J3i) — Mi-i/37 + 7 )a + *-L a (P 1 \E\i) + 1 f3~f 1 Ea 



(13) 



In an unconstrained superfield in the representation 4290, there are two spinors 
at level 6 3 . The index structure of the SSBIs at this level also contains two 
spinor equations. We have to take into account what has been learned about 
X( 4290 ) at lower levels. Specifically, at dimension 1 some of the antisymmetric 



tensors containing a spinor at the next level vanished. Miraculously, again, all 
of these go into the same linear combination, while the spinor coming from the 
three- and four-forms survives. One spinor thus remains, and goes into part 
of the field equation for the Rarita-Schwinger field, which then reads 

where t a is the spinor part of the decomposition of the dim-3/2 torsion into 
irreducible representations: Tab 1 = tab 1 + ^(Xiatb]) 1 + (r a &t) 7 . Also the spinor 
component of the Weyl curvature, G a = ^(r a ) Q , /3 i? a/ g 7 7 , is set to zero. 

These calculations involve some rather heavy T-matrix algebra which has 
been facilitated enormously by the development of a Mathematica based pro- 



gram ||35|| . In particular, the results in this talk rely on a large number of Fierz 
identities which, as explained below, can be completely systematised. By us- 
ing the algebraic program to compute some small number of final coefficients, 
any computation requiring Fierzing is easily dealt with. 



3 Conclusions 

We have demonstrated that, through a series of seemingly miraculous numer- 
ical coincidences (which, however, due to the similarities with ten dimensions 



| 36| , both regarding the constraints and the subsequent manipulations of the 
SSBIs, one would strongly expect to occur), the relaxation of the torsion con- 
straint at dimension zero is capable of accommodating an off-shell formula- 
tion. By off-shell we here simply mean that the equations of motion from ([!]) 
are relaxed by the introduction of a current supermultiplet, contained in the 
supertorsion along with the supergravity multiplet. In this sense, the term 
"on-any-shell" might be more appropriate. However, since the non-existence 
of an off-shell action has to our knowledge not been proven, the possibility is 
not ruled out that the auxiliary fields produced by this formalism are the cor- 
rect ones for the construction of such an action. We would like to stress that 
since the degrees of freedom contained in the eleven-dimensional supergravity 
multiplet describe only low-energy effective dynamics of M-theory, and this 
system is not supposed to be subject to quantisation, the absence of an action 
at this level is completely acceptable. The results are sofar partial. We have 
not yet investigated all equations of motion. In a following paper [[34) , we will 



give a more detailed account of the calculations. 

An obvious application of the formalism, as mentioned in the introduction, 
is to use it to derive higher-derivative corrections to M-theory, beginning with 



R 4 terms and their superpartners. The identification of our auxiliary field 
X( 4290 ) as a supergravity self-interaction clearly breaks Weyl invariance. It is 
encouraging to note that the corresponding curvatures vanish, as far as our 
analysis goes, which indicates that the correct procedure is to restrict to the 
Lorentz structure group in order to avoid ambiguities in the definition of Weyl 
weights, while retaining the corresponding conventional constraints. 

Brane dynamics in general backgrounds is most conveniently described in 
terms of quantities pulled back from target superspace to the world-volume. 
It is known that ^-symmetry quite generally demands the background fields 
to be on-shell. This must still be true for branes in backgrounds modified by 
higher-derivative corrections. We believe that our formalism will be essential 
for such an analysis. One question arises directly: Is the action for e.g. the 
M2-brane still given by the same expression, 

S ~ J d 3 a^g~ + J C , (15) 

so that the corrections come only through the pullbacks of the modified back- 
ground fields, or is this form changed? We have not discussed the superspace 
tensor fields in this talk, but by analysing the dimension zero identity, one 
realises that the equation dH = demands H to have non-vanishing compo- 
nents even at negative dimensions. These will appear in a ^-transformation of 
the WZ term in eq. ([T5]) , but do not have any torsion counterpart to cancel. 
We hope to be able to come back also to this issue. 

Finally, it would also be interesting to investigate in a strict sense whether 
the assumption of locality, which is implicit in our work, limits the current 
multiplet to self-interactions of the supergravity multiplet or whether there 
are traces of interactions with other M-theory states. 
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